Abstract. We relate the Bohr-Sommerfeld conditions established in λ-microlocal analysis to formal deformation quantization of symplectic manifolds by classifying star products adapted to some Lagrangian submanifold L, i.e. products preserving the classical vanishing ideal IL of L up to IL-preserving equivalences.
Introduction
The notion "quantization" arose with Planck's "act of desperation" to explain the black body radiation in 1900 and originally meant the ad hoc discretization of the classical energy or action coordinate spectrum. It took about thirty years until quantum mechanics was established axiomatically 1 and about forty further years until the original quantization rule became rigorous in the framework of microlocal analysis of integrable systems. This rule is now referred to as Bohr-Sommerfeld condition (due to Bohr's model of the atom in 1913), whereas the meaning of "quantization" shifted to that of some transition from commutative to non-commutative algebras and in fact remains unprecise due to the no-go theorems of Groenewold and van Howe [vH51] , [Gro46] . Conceptually, this transition is most clearly isolated in the definition of deformation quantization, a notion created in [BFF + 78] and surveyed in [DS02] , [Gut00] .
However, this "quantization" is not complete in the sense of (axiomatic) quantum mechanics, which requires some operator algebra representation on some Hilbert state space both per definition and per physical necessity (for instance, to get notions like entanglement or the physically correct definition of spectra). In view of this aim, one can first ask for formal representations induced by ideals as done in [Bor04] [BW98] and [NT04] . For a given Hamiltonian system then, one hopes to find some information on the corresponding asymptotic spectrum already on the formal level by involving the whole classical information into the quantization procedure. Motivated by the Bohr-Sommerfeld condition and microlocal symbol calculus, we here consider Lagrangian submanifolds L of a symplectic manifold X.
Main results and outline.
We establish a bijection between the classes of deformation quantizations of X preserving the classical vanishing ideal I L ⊂ C ∞ (X) [[λ] ] of L up to I L -preserving equivalences and those of formal deformations of the symplectic form viewed as relative class (Th. 1). This is done in Section 4 by parametrizing adapted Fedosov star products. Then in Section 5 the relation to the Bohr-Sommerfeld conditions and oscillatory 1 symbol calculus is sketched. Section 2 and the Appendix provide the motivating background and set up some (standard) notations. Finally, section 3 recalls some star-representation theory as in [Bor04] slightly extended to line bundles over L.
Motivating background
Reminder on Bohr Sommerfeld conditions.
Let L i ֒→ T * Q be a Lagrangian submanifold of some cotangent bundle T * Q π → Q with respect to the standard symplectic structure ω := −dθ given by the canonical form θ := T * π, and µ its Maslov class. Then L has to satisfy the prequantization condition
. in order to be the microsupport of some λ-oscillatory distribution on Q (see Appendix for more background), where H dR (., Z) denotes the integral de Rham classes.
In particular, if L E := H −1 (E) is a Liouville torus of some semiclassical integrable system with classical moment map H : T * Q → R n and vanishing subprincipal form 2 κ, then the condition (1) coincides up to higher orders O(λ 1 ) with the Bohr-Sommerfeld conditions
for the existence of a joined asymptotic eigenvector of the system. Recall here, that a semiclassical integrable system is a maximal set of commuting λ-pseudodifferential operatorsĤ 1 , ...,Ĥ n whose principal symbols H = (H 1 , ..., H n ) are independent almost everywhere, thus form a classical integrable system: Then the compact fibers L E of H restricted to regular values H reg are Lagrangian submanifolds with a transitive locally free R n action given by the commuting hamiltonian flows φ : R n → Aut H reg of the
The choice of a local Lagrangian section Z of H reg and a local base of sections γ i of the associated singular homology fibration (unique up to Gl n (Z)) give action coordinates I i = 1 2π θ.γ i on Z and standard angle coordinates as translation parameter of Z under the flow generated by the I i . Together, one obtains Darboux coordinates which linearize the action and provide an integral structure on the set of regular values.
Similarly, the semiclassical system is mircolocally unitary equivalent to the linearized system, such that the microlocal solutions (oscillatory constants) form a local system whose triviality is the Bohr-Sommerfeld condition. We call this method microlocal patching, it is presented in detail in [VuN98] . Remark that the lowest order is independent of the choice of quantization and invariant under Hamiltonian diffeomorphisms, since L X H θ = d(H − θ.X H) =: dL for any Hamiltonian vector field X H := ω −1 dH, moreover, it behaves natural under symplectic reduction with respect to conormal subbundles
2 Let si be the second order part of the Weyl symbols of theĤi, then per definition
Problems with interpretations in deformation quantization. Now, in deformation quantization λ is a formal parameter, thus the Bohr Sommerfeld condition (1) is undefined there. To recover its sense we thus have to consider non-formal deformations (of a subalgebra) over some base including [0, ]. However, we can try to extract the Bohr-Sommerfeld class from deformation quantization as formal class. This has been done in [NT04] by formalizing the symbol calculus of oscillatory distributions.
The direct analogue of microlocal patching.
Recall that any C[[λ]]-linear ⋆-derivation is locally inner with respect to the deformed Lie structure
is a complete real vector field generating the classical flow φ t , then δ X generates a ⋆-automorphism of the form φ * t • e λD for some differential operator D.
Let H i be local generators of the classical transformation onto action angle coordinates around some torus L, which are locally unique up to (⋆-central) constants. Then the rescaled Hamiltonians λH i generate the inner ⋆-automorphisms f → e i ad H i f = e In particular, consider the formal translation of action coordinates (tori) generated by the constant vector field λE i ∂ ∂I i , which is inner if E ∈ 2πZ n . This of course coincides up to λ with the true joined spectrum of the (L 2 (L 0 , d n ϕ)-selfadjoined extension of) the free particleĤ i = iλ 
Varying E, such intertwiners are formally provided by the inner elements of the corresponding formal tori translations.
Problem.
By illness of formal microlocal patching ( 1 λ resp. star-exponential convergence problem) in presence of caustics we are let to attack the following question: Is there some ⋆-intrinsic version to extract the BohrSommerfeld class, or more generally, to establish some intrinsic analogue of the symbol calculus of oscillatory distributions?
Representations on line bundles
Let ⋆ be some star product on a symplectic manifold X and E be some vector bundle over L ⊂ X. E is called a representation of ⋆ if Γ(E) is a left ⋆-module such that ⋆ acts locally, i.e. by differential operators on Γ(E). 
Then the isomorphism classes of representations are given by those of formal
Proof. This is a direct consequence of Bordemann's classification: Consider the restriction of ⋆ to some tubular neighborhood of L which we may identify with a neighborhood W of the zero section in (T * L, −dθ) by some Weinstein isomorphism (cf. [BW95, Th. 4.19]). Then by [Bor04, Th. 3 .3] the product ⋆|W is equivalent to a standard ordered product
, whose representation • on some complex line bundle E on L must locally on some contractible set U i look like
Here the A i are determined by dA i = B|U i up to some coboundary dS i , which determines •|U i up to some local intertwiner (gauge equivalence) φ|U i → e S i φ|U i . Thus (4) must hold, which determines the representation up to isomorphism classes of formal flat connections
Remark 1. The representations (4) may be as well constructed via Rieffel induction from a fixed representable star product ⋆: Namely, ⋆, ⋆ ′ are Morita equivalent (i.e. there is an equivalence of categories ⋆ ′ -mod, ⋆-mod) if and only if there is some finitely generated projective generator right ⋆-module E such that ⋆ ′ ∼ = End ⋆−mod . In the classical case "λ = 0", by the Serre Swan theorem, the latter correspond to vector bundles via the section functor. It was shown in [BW02] that this correspondence is stable under ⋆-deformation, where deformed vector bundles (with respect to ⋆) are induced up to equivalence by deforming the transition 1-cocycles of some classical vector bundle E to ⋆-cocycles. This provides an action of the group of isomorphism classes 
Adapted star algebras
Recall that a star product on X is called adapted to some Lagrangian submanifold L ⊂ X, if the classical vanishing ideal
. Such products are one chains of the subcomplex
3 of A fitting into an exact sequence
Its corresponding long exact cohomology sequence decouples into short exact sequences isomorphic to the one defining relative de Rham forms
This was shown locally in [BGH + 05, Th. 2.4] for the ω-corresponding multivector fields via Koszul resolutions, from which the global case can be deduced by the degeneration of the local-to-global spectral sequence
However, we will not use this "adapted HKR theorem", although together with (20) it implies directly the following Lemma: Denote by δ the connecting homomorphism of the long exact sequence
dR (X)... associated to the relative de Rham sequence (6). Then we have:
Lemma 2. Let S be an equivalence between two star products ⋆,
e. preserves I (and thus induces an intertwiner between the canonical and twisted representation can, can
Proof. Suppose ⋆, ⋆ ′ are already identical up to O(λ k ) thanks to an equivalence adapted up to O(λ k ). Then by (20) and (21) one has Lichnerowicz's equation
for some α ∈ Z 1 (X), where b is the Hochschild coboundary of the undeformed product '·'. As decomposition into symmetric and antisymmetric parts, both summands have to be adapted by induction hypothesis, so di * L α = 0. Now by the assumption there exists some relative primitive of dα we may suppose to be α itself.
3 Recall that the Hochschild complex of some algebra A with values in some A ⊗
Then the equivalence S α := 1 + λ k−1 αX is adapted and turns the difference into a coboundary
which is adapted if and only if T ′ is, since bT ′ (I, I) ⊂ T ′ (I 2 ) + I. Thus
Reminder on Fedosov's construction.
There is a construction of natural 4 Weyl type star products due to Fedosov [Fed96] which has a natural interpretation in formal geometry context as observed by [NT95] :
where µ 0 denotes the standard multiplication. * W is Z-graded by deg λ = 2, deg ξ = 1 and invariant under the linear symplectic group Sp(n, C) ∼ = ad R 2n 2 generated by quadratic forms in R 2n 2 , where as usual the subscript denotes the degree.
One now considers infinitesimal patching of local algebras on X, i.e. the bundle P of isomorphisms jet
is a flat g-valued connection, i.e. a Sp-equivariant 1-form such that its composition with the sp-action is the inclusion sp → g and the curvature dθ + 1 2 [θ, θ] vanishes. Now any reduction of the structure group given by a section r of P → Sp(X) induces a flat connection ∇ F = d + i λ ad r * θ on the associated Fedosov bundle W := Sp(X) × Sp(n) R 2n . By [NT95] , its constant sections ker ∇ F are isomorphic to a star product algebra on X via r whose characteristic class is represented by the pullback by r of the curvature of the lift of θ to a connection with values in the central extension R 2n of g.
More explicitly, any Fedosov connection ∇ F has to start with an equivariant degree −1 square zero differential fixed as
Further the λ-independent degree zero part ∂ ∂x l + i λ ad Γ l jk ξ j ξ k represents a torsion free symplectic connection ∇. Thus the simplest Fedosov connection is of the form ∇ F = −δ + ∇ + i λ ad * W γ for some γ ∈ Ω 1 (X; W ≥3 ). However, to get natural products of different order type, one needs equivalent fiberwise degree 0 products * = µ 0 exp( Namely, we may and will take the torsion free derivation ] . Note that at this point it might become more natural to work with the deformation of the symmetric algebra ST * X induced by (W, * ) and the canonical isomorphism W/λW ∼ = ST * X, as (W, * ) is no longer given as associated bundle. Now, for any formal closed two form Ω ∈ Z 2 dR (X) 
Proof. Let I s,p F ⊂ Ω p (X, W s ) be the subspace of adapted forms whose restriction to ∧ p T L has per definition values in I T L . Now, if all construction data are adapted, then γ ∈ I F , since the same holds for all summands in (12). Here the only non obvious term is [∇, S], where the claim holds if ∇ is the homogenous adapted connection ∇ 0 used in [BNW98] , then it follows in general by ∇ − ∇ 0 ∈ i λ ad I 2,1
We have σ ′ δτ f = δδ −1 df = df . Now df |T L = 0 for any f ∈ I L , so adaptivity implies 
thus s is adapted by standard order of * .
Remark 2. Note that Ω k enters explicitly as
Now identify some zero section environment of T * L with some neighborhood of L ⊂ X via some Weinstein isomorphism. Then note that there are no obstructions for the extension of the data to all of X: For the fiberwise data this is clear from partition of unity, for the connection this follows from the description of the space of symplectic connections as sections of the fiber bundle J 1 Sp(X)/Sp having contractible fibers F := J 1 0 (R 2n , Sp) 1 = R 2n × sp (see [KSM93] ), hence the obstruction classes H i (X, L; π i−1 (F )) vanish. (Note that this argument ignores torsion, which is possible due to [Neu01, prop 1.3.31]). Now by (4) the characteristic class [⋆] of an adapted star product must have a relative representative η ∈ Z 2 dR (X, L)((λ)). For any relative cocycle η the above construction yields an adapted Fedosov star product ⋆ F with η = λ −1 ω + Ω, and two adapted Fedosov products differing only in their 2-forms by λ k dα mod O(λ k ) are equivalent through S α := 1 + λ k−1 α.X mod O(λ k ) by Remark 2 and (8), which covers the cohomology in (8). Since S α is adapted if and only if i * L α = 0, i.e.
[dα] = 0 ∈ H 2 (X, L), we obtain: (λ)) and consider the corresponding twisted representation can ⊗ φ. This identification may be justified as follows:
Recall that H 1 dR (L) may be naturally interpreted as tangent space at L in the space of Lagrangian submanifolds modulo Hamiltonian automorphisms, since by a Weinstein isomorphism one can identify a neighborhood of L with one of the zero section in T * L, and here Lagrangian sections of are images of closed 1-forms on L.
Now let S α := 1+λα.X +O(λ 2 ) be an equivalence between two L-adapted deformations whose adapted classes thus differ by [dα] mod O(λ). By the canonical isomorphisms
are the classical A-modules, we may identify the image S α (I L ) mod O(λ 2 ) with the "vanishing ideal of the infinitesimally deformed Lagrangian
the lines of the introduction (3).

Maslov index.
For the Maslov class µ to be defined consider an additional Lagrangian fibration π of X around L (the example in mind is of course the vertical fibration in case of X = T * Q). Let ∇(⋆ F ), ∇(⋆ ′ F ) be the symplectic connections inside the Fedosov connections of two Fedosov star products ⋆ F , ⋆ ′ F adapted to L and the fibers of π respectively. On T L X, we may further assume these connections to be unitary with respect to some compatible almost C-structure on X, such that the difference ∇(⋆ F )−∇(⋆ ′ F ) is identified with a horizontal u(n)-valued equivariant 1-form on the unitary frame bundle of X restricted to L. In this identification the Maslov class µ defined by L and π may be calculated from ⋆ F , ⋆ ′ F as secondary characteristic class:
. Indeed, by Proposition 1 the connections are adapted and thus related by local gauge transformations g :
Note that the Liouville class cannot be extracted likewise as characteristic class in general, but if S = τ ≥3 H and
Preliminary analogues to symbol calculus of FIOs.
Recall (cf. [BW95] ) that in generalization of (graphs of) symplectomorphisms a canonical relation Λ is defined as Lagrangian submanifold of X ′ × X, where (X, ω) := (X, −ω) denotes the symplectic conjugated space. The composition
34 Λ 2 ) (here the π ij denote the canonical projections of X ′′ × X ′ × X ′ × X onto the is and js factor) may then be identified with the image of Λ 1 × Λ 2 under symplectic reduction of X ′′ ×X ′ ×X ′ ×X with respect to the canonical
cleanly, then the product is an immersed Lagrangian submanifold. Since multiple points of the immersion correspond to multiple intersections of L with some fiber of the characteristic foliation π 14 |C of C, it will be an embedding if L and some open neighborhood of it intersect any fiber at most once. In terms of the corresponding function algebras A := C ∞ (X), the above fiber product corresponds either to the topological tensor product
or, in terms of symplectic reduction, to
where N (I C ) is the Poisson normalizer of the vanishing ideal of C, which consists of functions constant along the fibers of the characteristic foliation π 14 |C.
The deformed analogue of a canonical relation Λ will then be a ⋆ ′ ⊗ ⋆ opmodule structure on some flat formal line bundle over Λ, which is of the form can • S ⊗ φ for some Λ-adapted star product S(⋆ ′ ⊗ ⋆ op ) and some flat line bundle φ over L, where the equivalence S is non trivial unless Λ is itself a product. In case of graphs Λ = graph ψ, it was observed by [Bor04, Prop. 3.1] that modulo phase these bimodules yield not more than homomorphisms of star products deforming ψ. Now, the class of such bimodules is in general unstable under composition, i.e. modulo phases the tensor products will in general collapse to the classical case. Indeed, since we cannot expect a complete symbol calculus of quantized symplectomorphisms by [vH51] , one has to change the category or select composable objects.
1. The most direct way to do so is to consider composable elements at the level of adapted equivalence classes. Given formal deformations ⋆ i of symplectic manifolds X i , composable canonical relations Λ i ⊂ X i × X i+1 with quantizations 
where π := π 14 |(C, C ∩ Λ 1 ×Λ 3 ). Then analogously to [Bor04, ch. 5] one can construct an adapted equivalent star product ⋆ which is as well adapted to C, which means that I C is a ⋆-left ideal and its Poisson normalizer N (I C ) a ⋆-subalgebra. Then the induced star product (N (I C )/I C , * ′ ) is adapted to Λ 1 • Λ 3 with class determined by
(which generalizes (2)), since
Another strategy is to find some symbol calculus in the derived category of Lagrangian modules. The latter was originally considered in the holomorphic case, first for the sheaf of (micro-)differential operators (cf. [Kas00, ch.5]) and recently for a complex analogon of deformation quantization in [KS05] . However, in the formal real case, λ-convergence problems remain, this corresponds to the suggestion of Nest and Tsygan in [NT04] to modify the localization procedure. In case of a cotangent bundle T * Q one can again consider fiberwise polynomial algebras over C((λ)), then the derived category of those modules supported on exact sections which intersect pairwise transversally is statet in [BS02] [KS01] to be A ∞ equivalent to the Fukaya category "quantizing" the Morse complex on Q. This is mirror symmetry motivation for addressing ⋆-modules.
Appendix A. Sketch of the symbol calculus of oscillatory distributions
Nice detailed expositions of this theory mainly due to Hörmander [Hör71] are [BW95] , [CdV] for the general and [Dui76] for the conic (λ-free) case.
Generating functions.
Recall that the image of a section η of T * Q π → Q is Lagrangian if and only if dη = 0, i.e. η is locally the differential of some function on Q, since η * θ = η for the canonical form θ = T * π on T * Q. A Lagrangian manifold L ⊂ T * Q with caustics (i.e. critical values of π|L) now can be locally obtained as well from functions φ on B := Q × R k (or any surjective submersion B ρ → Q) via the image L φ of im dφ under symplectic reduction of T * B with respect to the annulator of the vertical bundle ker(T B → ρ * T Q) 0 , which is given in coordinates as
If im dφ and C intersect cleanly, L φ is the immersion i φ of the fiber critical set Σ φ := { ∂φ ∂ξ = 0} such that caustics correspond to degenerations det ∂ 2 φ ∂ξ 2 = 0, which allows to attack their local classification by considering some equivalent φ as unfolding of ξ → φ(0, ξ), cf. [AGZV85] . In fact, as proved by Hörmander, the choice of φ is locally unique up to (strict) automorphisms of B, additions of constants and direct addition of quadratic forms, cf. [BW95, Th. 4.18]. Globally, [Lee79] claims that, besides the Liouville class [i * L θ] occurring allready for Lagrangian sections, the obstruction to find some φ ∈ C ∞ (Q × R n ) yielding L = L φ is given by the K 1 (L) homotopy class defined by the "difference" k : L → U (n)/O(n) of T L and T * L Q, as the latter define sections of the bundle of Lagrangian subspaces of
In particular, the winding number 
Oscillatory distributions.
Basic elements of short wave asymptotics are the the WKB-waves, i.e "functions" of type e −iS/λ a with S ∈ C ∞ (Q) and a = i∈N λ i a i some series of (in general distributional) half densities on Q. Their key property is given by the stationary phase formula: If R k ∋ ξ → φ(q, ξ) is a family of WKB functions such that L φ has no caustics, then their superposition I(φ, a)(q) := * ξ∈R k e iφ(q,ξ)/λ a(q, ξ)d k ξ is λ-asymptotically equivalent to the WKB wave
where
coincides with the enveloping phase (Huygens' principle). It follows, that if the composition Q I(φ, a)I(ψ, b) is well defined, then its asymptotic may be written as sum (integral) over the intersection points L φ ∩ L ψ = {d(φ − ψ) = 0} in case of transversal (clean) intersections, which allows to lift the singular support of such distributions to their microsupport W F (I(ψ, a) 
Indeed, via π|L −1 the development (17) may be naturally identified with a half density on L such that the singularities of the denominator in (17) at caustics appear as artefact of the projection π|L onto Q. Moreover, if the microsupports of a set of oscillatory distribution I(φ i , a i ) all lie inside some single Lagrangian L, then the differences of the pulled back phases in (17) define locally constantČech 1 cocycles on L corresponding to the class Reminder on deformation quantization.
In particular, pseudodifferential operators are oscillatory distributions microsupported on the identity (i.e., the conormal bundle of the diagonal in T * (Q × Q)), which is naturally identified with T * Q. Then star products arise as asymptotics of their composition. These products were defined purely algebraically for any sym- d; hence by H 2 dR (X) = 0 it follows ⋆ k − ⋆ ′ k = − ad(⋆ 1 )S k for some derivation S k ∈ ker b. Thus id + λ k S k provides the induction step for constructing an equivalence between ⋆ and ⋆ ′ .
